Abstract
Introduction
The constant rate of strain consolidation test (CRS test) was developed in 1959 by Hamilton and Crawford [1] . Its basic theory was developed by Smith and Wahls 1969 [2] , and Wissa et al 1971 [3] . Constant rate of strain consolidation test reduces the required time for consolidation test using standard oedometer test (IL) from almost two weeks time to few hours. During CRS test the load is applied continuously; continuous record of stress and deformation are made, which improves the accuracy of consolidation properties determination in particular the preconsolidation pressure P c .
Because of its many advantages, the CRS test is in many countries, a standard test for the determination of consolidation properties of clayey soils. It is adopted by the Swedish geotechnical institute, the Norwegian geotechnical institute, the French Laboratoire Central des Ponts et Chaussées (LCPC), and the American Society of Testing and Materials (ASTM) [4] . However, prior selection of a suitable strain rate for a given soil specimen, is still a problem to an extensive use of the CRS test in practice [4, 5] , and many researches were conducted to examine strain rate effect on measured CRS consolidation parameters [6] [7] [8] [9] .
Comparison of CRS test results with those of conventional oedometer test has permitted to develop some criteria for the CRS test results acceptance. These criteria are essentially the relative pressure criterion R u [2, 3, 10] , the liquid limit LL criterion [11] , and the standardized strain rate parameter β based on the large strain theory [4, 12] . The relative pressure criterion R u defined as the ratio of excess pore water pressure at the base of specimen ∆u H to applied vertical stress ∆σv is generally the most used criterion. However, literature survey shows important differences in the acceptable range of relative pressure values. Table 01 summarizes some relative pressure values recommended by authors for some types of soils, with relative pressure range varying from 5 to 50%. ASTM standard (ASTM 4186-06) recommends values of relative pressure to be between 3 and 15% during steady state stage of CRS test [13] . Similar range of relative pressure is also recommended by the French Laboratory (LCPC) [14] . Silts and clays from the coalfield of Mississipi plains (Kentucky) Gorman et al (1978) Based on empirical correlations, Gorman et al (1978) made general recommendations for the selection of the strain rate in terms of liquid limit LL, they recommended to conduct the CRS consolidation test at a strain of 5 × 10 -5 /min for soils characterized by LL > 60%, and for lower liquid limits the strain can be doubled [11] . Lee et al (1993) provided detailed estimation of parameters variation within the test specimen. Based on moving boundary and large strain theory, they defined a dimensionless strain β = r.H 0 2 /c v to choose adequate strain rate r; where H 0 is the initial height of specimen, and c v is the coefficient of consolidation of soil. They recommended that the strain rate of CRS testing should have an upper bound of β = 0.1 [4, 12] .
The proposed criteria lead to large differences in CRS strain rates estimates [4, 16] . Authors [17, 18] have noted that this difference is probably due to the assumptions used in the CRS consolidation theory, in particular the applicability of Darcy's law.
CRS strain rate estimate still requires appropriate tools. This work constitutes a contribution to select appropriate strain rates during CRS test. A finite differences simulation of the CRS test, based on Terzaghi's theory, is performed to define an appropriate range of strain rates that satisfy a preliminary required relative pressure criterion, for specified soil characterized by constant value of c v (or LL), initial sample height H 0 and initial void ratio e 0 .
Theoretical aspect of CRS consolidation test
CRS consolidation test results allow the evaluation of main soil consolidation and stress-strain characteristics such as the coefficient of consolidation c v , hydraulic conductivity k v , the preconsolidation stress P c , and compression and recompression indexes (c c and c r ).
The two most popular theories of CRS consolidation test are the linear theory of Smith and Wahls (1969) , and the nonlinear theory of Wissa et al (1971) . For small relative pressure values, the two theories are equivalent [3, 11] .
Linear theory of Smith and Wahls (1969) assumes a constant coefficient of volume change (m v = ∆ε v /∆σ v ' ), a constant coefficient of permeability k v , and a linear variation of void ratio e within the specimen [2] . Based on these assumptions, they developed equations for average effective stress σ v ' , hydraulic conductivity k v and coefficient of consolidation c v .
= initial effective stress α = constant that takes generally values between 0.667 and 0.75 depending on the value of the constant b/r (that takes generally values between 0 and 1) b = constant that depends on variation of void ratio with depth and time γ w = unit weight of water e avg = average void ratio of specimen ∆t = step time. The theory of Wissa et al (1971) is based on the nonlinear consolidation theory of Davis and Raymond (1965) [19] , it assumes a constant value of c v and a constant value of compression index c c (i.e., dε/dlogσ v ' =constant). The solution consists of transient conditions that usually occur at the early stage of loading in which large excess pore water pressures are generated, and steady state conditions corresponding to a constant strain distribution. A dimensionless time factor T was derived for CRS conditions, it indicates the degree of transience in the specimen strain distribution, and is evaluated from a function F3 that at any time equal to A regression analysis of dimensionless time T versus F 3 plot gives a simplified equation for T [7] , as:
When T < 0.5 the transient state is assumed, and when T > 0.5 the steady state is assumed. The transition between these two phases is independent of the strain rate [3] .
At the steady state conditions, the modified linear solution of Wissa et al (1971) theory is identical to that of Smith and Wahls (1969) with b/r equal to zero, and the nonlinear solution of Wissa et al (1971) yields to these expressions: 
(8)
in Eq. (7) is the average effective stress between two instants t 1 and t 2 , with ∆t = t 2 -t 1 is the step time.
The two theories assume a parabolic distribution of pore water pressure along the specimen. If the specimen is deformed at a very low strain rate, very low or no pore pressure is generated, which affect the evaluation of the coefficient of consolidation cv. If the pore water pressure becomes excessive, evaluation of effective stress may be affected [3, 11] . Therefore, the two theories proposed empirical methods that set the maximum strain rate by limiting the relative excess pore pressure R u .
The ASTM (D4186-06) is generally the most used standard to conduct the CRS test. The ASTM standard was originally approved and published as D4186-82 in 1982. This test method applies to intact, remolded, or reconstituted soil samples. It is most often used for soils of relatively low hydraulic conductivity that allow generation of measurable excess pore pressures at the base of samples. In this test method the saturated specimen is constrained axially between two parallel, rigid platens, and without any lateral deformation. The minimum diameter and height of test specimen shall be about 50mm and 20mm respectively, and the maximum height-to-diameter ratio shall be 0.5. A back pressure is applied to saturate both the specimen and the base pressure measurement system. A standard test includes one loading phase, one constant load phase, and one unloading phase. Because the stress-strain results of CRS consolidation tests are strain rate dependent, this test method limits the strain rates by specification of the excess pore pressure ratio R u . This specification provides comparable results with standard consolidation test. In this test method, the rate of deformation is selected to produce an excess pore pressure ratio R u that will be between 3% and 15% in the normally consolidated range during the loading phase of the test. The equations in this test method are used only in steady state conditions (F 3 > 0.4). Solutions for CRS consolidation in this test method are available for both linear and nonlinear soil models.
Methodology of simulation
Many studies [12, 20, 21] consider that the small strain theory can be only used to simulate the CRS consolidation test for small strain levels, and for large strain levels, significant differences in results between small and large strain theories are observed. These differences between small and large strain theories occur as a result of a reduction of specimen height during consolidation [21, 22, 23] . However, as the height of sample is known at any time during CRS test, the numerical solution of consolidation under constant loading (Terzaghi's theory) can be used iteratively to simulate the CRS consolidation test at small and large strains. Therefore, for successive very small time steps ∆t, the additional loading between times t and t+∆t during CRS test, is considered temporary constant and equal to the difference:
Where ∆σ v (t+∆t) and ∆σ v (t) are the applied vertical load values during CRS test at times t+∆t and t respectively.
Terzaghi's equation of consolidation is expressed as [24] :
At any time during CRS test, the height of sample h(t) is divided into n equal soil elements of thickness ∆z(t), so that:
And, Let u r , t r and z r be any arbitrary reference excess pore water pressure, time, and depth, respectively. From these, the following dimensionless terms can be defined:
Dimensionless The left-hand and right-hand sides of Eq.(14) can be written as:
Where uz t t , +∆ and uz t , are the dimensionless pore water pressures at the dimensionless depth ̅z, and at dimensionless times � t t + ∆ and ̅ t respectively (Fig.1 ).
Where u z z t −∆ , and u z z t +∆ , are the dimensionless pore water pressures at the dimensionless time, ̅ t and at dimensionless depth � z z − ∆ and � z z + ∆ respectively (Fig.1) . Substituting Eqs. (15) and (16) To consider the height of specimen h(t) at any time during CRS test, the arbitrary reference depth is taken equal to z r = h(t), Then Eq.(18) will be of the form : The value of ∆t is evaluated in terms of a preset final strain of specimen ε max . If pore water pressure converges for ∆t and ∆z estimated from ε max , it converges automatically during all the test duration.
For an undrained base of specimen, we take: u z z t −∆ , = u z z t +∆ , , and Eq. (17) Due to continuous loading during CRS test, an additional load at each time step must be considered in Eq. (17) . The variation of applied vertical load versus time will be estimated from variation of effective stress versus time for normally consolidated soils by considering the pore water pressure buildup along the specimen. The void ratio-effective stress relation for normally consolidated soils is assumed linear in semi logarithmic space:
Where: c c = the compression index assumed constant e 0 = the initial void ratio of soil subjected to an initial effective stress σ v ' 0 . For CRS test, variation of void ratio versus time is given by [17] :
The variation of effective stress versus time, in semi logarithmic space, for CRS test is expressed as:
And the effective stress change at time t is:
The effective stress change is essentially due to the applied vertical stress change. At each iteration of CRS test, the total applied stress ∆σ v (t + ∆t) at time t + ∆t, is the sum of the effective stress change at time t + ∆t, and the average pore water pressure along the specimen noted uavg(t + ∆t) at time t + ∆t:
At the beginning of each iteration at time t + ∆t, because the value of u avg (t + ∆t) is unknown, we use the value of u avg (t) evaluated at time t to calculate ∆σ v (t + ∆t) at time t + ∆t. The obtained value of ∆σ v (t + ∆t) is used to evaluate uavg (t + ∆t) by Eq.(29). The new value of u avg (t + ∆t) will be used to calculate again ∆σ v (t + ∆t) at time t + ∆t. This procedure is repeated iteratively at time t+∆t until the difference between two subsequent values of ∆σ v (t + ∆t) is less than a tolerance.
The estimated total applied stress at time (t + ∆t) is then given by:
The average pore water pressure of specimen at time t + ∆t, u avg (t + ∆t) is equal to:
Eq. (28) is numerically evaluated by the trapezoidal integration method.
The effect of total applied stress between t and t + ∆t that equal to ∆σ v (t + ∆t)-∆σ v (t), is added to Eq.(17) to estimate the distribution of pore water pressure uz t t , +∆ :
For CRS test, at t = 0, ∆σ ' v0 = 0, ∆u H = 0 and ∆σ v = 0. This numerical simulation includes the following inputs: Initial specimen height H 0 : Soil specimen heights in CRS consolidation tests are generally ranging from 20 to 25mm. In this simulation, the specimen height of 25mm is used; and for comparisons with experimental works, heights of tested samples are considered in calculations.
Coefficient of consolidation c v and compression index c c : are evaluated using the soil liquid limit LL. The value of coefficient of consolidation c v , is estimated for normally consolidated undisturbed soils (Fig.02) ; and the value of compression index is evaluated according to the Terzaghi and Peck's correlation [25] :
Initial void ratio e 0 : to evaluate the effect of initial void ratio on the results, values ranging from 0.2 to 3.0 are considered. 
Initial effective stress σ ' v0
: Only the lowest and largest possible values of initial effective stress are considered in this simulation. The lowest value of 15 kPa permits to obtain the lower limit of strain rates range, and the largest value of 100kPa permits to obtain the upper limit of strain rates range. The strain rates range obtained (common range) will satisfy the required criterion for all other values of initial effective stress bounded by 15 and 100kPa.
Number of specimen elements n: different conducted simulations indicate that results converge for n varying from 20 to 100.
Total time of test: calculations are stopped when the applied stress is greater than a preset value ∆σ v,max , or when a specified value of final average strain ε max is reached. In this simulation, calculations are stopped if ∆σ v ≥ 2.0MPa or if ε max ≥ 40%; and during comparisons with experimental works, the maximum strain or load reached during testing are considered.
The different parts of structure model can be illustrated by the flow chart in Fig.03. 
Results of simulation
For a soil characterized by constant values of coefficient of consolidation c v and compression index c c , the strain rates are varied from the smallest to the largest (10 -6 /min to 10 -2 /min). For each value of strain rate, the variation of relative pressure R u versus time is evaluated (Fig.04 ) and the following results are observed:
• The initial load is essentially taken by pore water, and very high levels of relative pressure are produced (R u = 1). After very short time, values of relative pressure decrease sharply for any strain rate. For a short period of time, the relative pore pressure is independent of strain rate. This stage corresponds to the transient state of CRS test. As mentioned by Wissa et al (1971) , the transition from the transient state to the steady state is independent of the strain rate.
• At the start of the steady state, and also for a short period of time, the relative pressure still decrease sharply at a rate dependent on strain rate. At the remaining time of steady state, low rate of relative pressure decrease is observed. During all the steady state, the strain rate effect is important, and values of relative pressure increase with strain rates. The variations of relative pressure R u versus time, for a soil characterized by coefficient of consolidation c v = 0.06 cm 2 / min, void ratio e 0 =1.2, initial sample height of 25 mm, and for a strain rates ranging from 1.5 × 10 -4 /min to 1 × 10 -3 /min, are represented in Fig. 04 .
Measured values of relative pore pressure in the initial phase of test are often lower than one (R u < 1). This is may be due to either lack of saturation, the compressibility of the pore water or to the rigidity of the soil skeleton. With the decrease in soil porosity and an increase in the quasi-saturation of the pores, the distribution of pore water pressure in the subsequent part of the test is consistent with the theoretical results [15] .
Simulation results show that in the transient stage and at the start of the steady state, and for any strain rate, the required relative pressure criteria cannot be satisfied. However, for a substantial duration of the steady state stage, the required relative pressure criteria, for any strain rate, can be satisfied. In this simulation, strain rates, for which average value of relative pressure in the steady state stage satisfying the relative pressure criterion, are evaluated.
For a given initial void ratio e 0 , the extent of the appropriate strain rates range depends on the value of the coefficient of consolidation c v (or LL), and the specified relative pressure criterion. The ranges of appropriate strain rates versus coefficient of consolidation c v (or LL) for various relative pressure requirements, for initial void ratio of 1.2, and initial sample height of 25 mm are shown in Fig.05 .
To obtain CRS consolidation parameters similar to those obtained in IL tests, ASTM standard (ASTM D4186-06) recommends choosing appropriate strain rates such as relative pressure values during steady state are between 3 and 15 %. Appropriate strain rates versus liquid limit, for an initial sample height of 25 mm and for various void ratios -from 0.2 to 3.0-, that satisfy ASTM relative pressure criterion are presented in Fig.06 .
It is observed that for a soil sample with an initial void ratio e 0 and with a liquid limit LL ≤ 90%, appropriate strain rates satisfying the ASTM standards criterion can be obtained. To satisfy ASTM criterion, soils with lower initial void ratios or liquid limits require higher strain rates than soils with higher void ratios or liquid limits.
Simulation verification
To check the performance of this numerical simulation, predicted results are compared with some experimental works reported in literature (Gorman et 
Fig. 6
Proper strain rates satisfying ASTM criterion (3% < R u < 1 %) versus liquid limit and initial void ratio (H 0 =25 mm).
Case 01: Experimental results of Gorman et al [11] . In 1977, Gorman et al conducted various types of consolidation tests (Incremental Loading IL, Controlled Gradient CG and Constant Rate of Strain CRS tests) on intact soil samples from three sites of Kentucky. The undisturbed samples were taken at each 1.5 m intervals from sites one and two, and continuously at site three. Each test specimen was trimmed to 64mm diameter by 25 mm height. A back pressure of 69 kPa was applied in all CG and CRS tests at top and bottom of the specimen, and monitored for at least 12 hours before testing.
The incremental tests were performed in accordance with ASTM D 2435-70 standards. Drainage was allowed at top and bottom of specimen. Load increments of (0.025, 0.05, 0.1, 0.2, 0.4, 0.8, 1.6, 3.2MPa) were applied. Each load increment was maintained constant on the specimen for 24 hours before the application of the next increment.
For CRS tests, the specimen was deformed by a constant predetermined rate. The loading was stopped at a preset load of 3 MPa and the pore water pressure was allowed to dissipate at the final, constant load. This loading level produced different final strains of specimens ranging from 12% to 30%. The specimen was finally unloaded at the same rate at which it was loaded. Readings of load, pore pressure and height of specimen, were taken at various time intervals of test.
A good agreement between IL, CRS and CG compressibility curves and c v variations is obtained for site 02, and some scatter was shown for sites 01 and 03, but generally no significant differences were observed in IL, CRS and CG test data above the preconsolidation pressure. During CRS tests the imposed strain rates induced maximum values of relative pressures that vary in most tests between 3 and 15%.
Different simulations were conducted to estimate, for all CRS tests, a strain rates range conforming to the ASTM standards criterion (3% < R u < 15%). For the sake of comparison, values of initial void ratio of different soil samples were not indicated by authors, in this study it was deduced that the values of initial void ratio are in general within the range of (0.4-1.2). The bounds of predicted range correspond to e 0 = 0.4 and e 0 = 1.2. Calculations were stopped when the applied load or vertical strain reaches respectively 3MPa or 30%. Strain rates used during CRS tests are generally found within the predicted appropriate range of strain rates that comply with ASTM standard and for initial void ratios that are between 0.4 and 1.2 (Fig.07) . Gorman et al concluded that in CRS test, a considerable range of strain rates could be used for the same type of soil without significant difference in results. Similar results were obtained on two identical soil samples tested at different strain rates (3.8 × 10 -5 /min and 1.6 × 10 -4 /min). These strain rates are also within the predicted range (Fig.07) .
Case 02: Experimental results of T.M.H. Lok and X. Shi T.M.H. Lok and X. Shi [27] performed IL and CRS consolidation tests on two types of Macau marine clays, the first is reconstituted characterized by LL = 65 and e 0 = 1.65, and deformed under strain rate of 2%/h, the second is undisturbed characterized by LL = 60 and e 0 = 1.37, and consolidated using a strain rate of 1%/h.
A consolidometer was used to prepare the reconstituted samples. The material necessary to prepare the reconstituted samples was taken from an excavation site in Macau, and was then mixed into thick slurry and passed through 600μm standard sieve to remove all large soil particles and shells. The slurry was poured into the consolidometer for consolidation, and a pressure of 1bar was applied to the slurry from the bottom cap. The consolidation was stopped when the primary consolidation had finished. After finishing the consolidation, the sample was carefully pushed out by hydraulic extruder and was cut into different sizes depending on the tests to be performed, but the peripheral part of the specimen was discarded because of disturbance.
Two different sizes of undisturbed samples were obtained with 76mm stainless steel Shelby piston tube sampler and U100 steel tube sampler with the length of 1m and 0.5m, respectively. The undisturbed clay samples were taken at the depth of 3m to 6m from the first site (Taipa), and at the depth of 6m to 13m from the second site (Cotai). After the sample was taken out from the bore-hole, both ends of the sample tube were sealed with wax in the field.
In incremental tests, the cell of 75mm in diameter was used to explore the consolidation behavior of reconstituted samples, while the cell of 50mm in diameter was used to explore the behavior of undisturbed sample, and both cells have the height of 20mm. Each load increment is maintained constant for 24 hours, and the load was doubled for the next increment. During the consolidation process, the vertical displacements were recorded at time intervals of 0, 0.1, 0.25, 0.5, 1, 2, 4, 8, 15, 30, 60, 120, 240, 480, 720, 1440 minutes after the application of each load increment.
In CRS tests, during saturation phase a back pressure of 200kPa was applied at both sides of specimens having 20mm height. Three CRS tests were performed; two with a strain rate of 2%/h and one with a strain rate of 1%/h. Tests were stopped around 1500kPa for reconstituted samples and 1100kPa for undisturbed sample. Final strains of about 48% and 27% were reached respectively for reconstituted and undisturbed samples.
Estimates of strain rate ranges that comply with ASTM CRS test criterion versus liquid limits for sample height of 20mm and void ratios of 1.37 and 1.65 are shown in Fig.08 . Fig. 7 Comparison between imposed strain rates (Gorman et al. 1978 ) and simulation results (3% < R u < 15%).
Calculations were stopped for reconstituted samples when the applied load reaches 1500kPa or the vertical strain reaches 48% and for undisturbed sample when the applied load reaches 1100kPa or the vertical strain reaches 27%.
Strain rate used for the reconstituted samples lies above the predicted strain range that complies with ASTM criterion. While the strain rate used for the undisturbed sample lies in the predicted strain range that complies with ASTM criterion (Fig.08) . During CRS tests, the relative pressure reached 55% in reconstituted samples and it did not exceed 15% in the undisturbed sample. It is also worth noting that differences, in consolidation properties -coefficient of consolidation and preconsolidation pressure -obtained from CRS and IL tests, were larger for reconstituted than for undisturbed samples of Macau marine clays. 
Case 03: Comparison Gorman et al and ASTM D4186-06 recommendations
Gorman et al recommended to apply a strain rate of 50 × 10 -6 / min for soils characterized by LL > 60%, and to double it for soils with LL < 60%. Also, ASTM standards (ASTM D4186-06) recommends starting the CRS tests with a strain rate of 10%/h (1.66 × 10 -3 /min) for MH soils type, a strain rate of 1%/h (1.66 × 10 -4 /min) for the CL soils type, and a strain rate of 0.1%/h (1.66 × 10 -5 /min) for the CH soils type. The comparison with the present numerical simulation results shows that (Fig.09) :
For ≤ 50%; both ASTM and Gorman et al recommendations fall in the predicted appropriate strain rates range for values of relative pressure such as (3% < R u < 15%).
For LL > 50% and for the CH materials; both ASTM and Gorman et al recommendations fall in the predicted appropriate strain rates range for values of relative pressure such as (3% < R u < 15%).
Conclusions
Numerical solution of consolidation for constant loading (Therzagi's theory) is used in this work to simulate the case of continuous loading of CRS consolidation test. The aim of this simulation is to evaluate appropriate ranges of strain rates satisfying various preset relative pressure criteria, and in particular ASTM standard criterion.
During simulation, the load-time relation during CRS test is assumed from the variation of effective stress versus time for normally consolidated soils and the average buildup of pore water pressure. Variation of effective stress versus time for normally consolidated soils is affected by strain rate, compression index and initial porosity of soils.
Correlations between limit liquid LL, coefficient of consolidation c v and compression index c c of normally consolidated soils are used during simulation. The initial void ratio is varied between 0.2 and 3.0.
The results of this numerical simulation show the following:
The required relative pressure criteria cannot be verified for any strain rate throughout the duration of CRS test, but they can be verified for particular strain rates for a substantial duration of test.
For a required relative pressure criterion, there are ranges of liquid limits and appropriate strain rates that satisfy this criterion.
For a given soil specimen defined by its height, strain rates that satisfy the relative pressure criterion recommended by ASTM standard (3% < R u < 15%) are strongly dependent on the value of initial void ratio of the sample and on the soil compressibility.
Comparison between simulation results and experimental results reported in literature indicates that simulation previsions are generally satisfactory, and the relative pressure criterion recommended by ASTM standard leads to CRS consolidation parameters comparable to those of IL test.
